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COMBINATORIAL AND MODEL-THEORETICAL
PRINCIPLES RELATED TO REGULARITY OF
ULTRAFILTERS AND COMPACTNESS OF
TOPOLOGICAL SPACES. V.
PAOLO LIPPARINI
Abstract. We generalize to the relations (λ, µ)
κ
⇒ (λ′, µ′) and
alm(λ, µ)
κ
⇒ alm(λ′, µ′) some results obtained in Parts II and IV.
We also present a multi-cardinal version.
In this note we present a version of [L5, II, Theorem 1] and [L5, IV,
Theorem 7] for the relation (λ, µ)
κ
⇒ (λ′, µ′) and some variants.
See Parts I, II, IV [L5] or [BF, CN, CK, KM, L1, L2, L3] for unex-
plained notation.
1. Equivalents of (λ, µ)
κ
⇒ (λ′, µ′)
Let us recall the definition of (λ, µ)
κ
⇒ (λ′, µ′), as given in [L4]. An-
other formulation (equivalent for κ ≥ sup{λ, λ′}) had been given in
[L1]. Notice that the two formulations are not necessarily equiva-
lent for κ < sup{λ, λ′}. See also [L3, Section 0], and Definition 1.2
and Theorem 1.3 below.
Given infinite cardinals λ ≥ µ and a set y ∈ Sµ(λ), we denote by
[y]Sµ(λ), or simply by [y] if there is no danger of confusion, the “cone”
{s ∈ Sµ(λ)|y ⊆ s} of y in Sµ(λ).
Definition 1.1. [L4] We say that an ultrafilter D over Sµ(λ) covers λ
if and only if [{α}] = {s ∈ Sµ(λ)|α ∈ s} ∈ D, for every α ∈ λ.
Let λ ≥ µ, λ′ ≥ µ′ be infinite cardinals, and κ be any cardinal.
The relation (λ, µ)
κ
⇒ (λ′, µ′) holds if and only if there are κ functions
(fβ)β∈κ : Sµ(λ) → Sµ′(λ
′) such that whenever D is an ultrafilter over
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Sµ(λ), and D covers λ, then for some β ∈ κ it happens that fβ(D)
covers λ′.
In order to state the next theorem, we must recall some definitions
from [L1] and [L3, Section 0].
Definition 1.2. S(λ, µ;λ′, µ′) denotes the model 〈Sµ′′(λ
′′),⊆, U, U ′, {α}〉α∈λ′′,
where λ′′ = sup{λ, λ′}, µ′′ = sup{µ, µ′}, U(x) if and only if x ∈ Sλ(µ),
and U ′(y) if and only if y ∈ Sλ′(µ
′).
If S+ is an expansion of S(λ, µ;λ′µ′), and B ≡ S+, we say that B
is (λ, µ)-regular if and only if there is b ∈ B such that B |= U(b), and
B |= {α} ⊆ b for every α ∈ λ.
Similarly, B is (λ′, µ′)-regular if and only if there is b′ ∈ B such that
B |= U ′(b′), and B |= {α′} ⊆ b′ for every α′ ∈ λ′.
Theorem 1.3. Suppose that λ ≥ µ, λ′ ≥ µ′ are infinite cardinals, and
κ is any cardinal.
Then the following conditions are equivalent.
(a) (λ, µ)
κ
⇒ (λ′, µ′) holds.
(b) There are κ functions (fβ)β∈κ : Sµ(λ) → Sµ′(λ
′) such that for
every function g : κ→ λ′ there exist finite sets F ⊆ κ and G ⊆ λ such
that [G] ⊆
⋃
β∈F f
−1
β [{g(β)}].
(c) There is a family (Cα,β)α∈λ′,β∈κ of subsets of Sµ(λ) such that:
(i) For every β ∈ κ and every H ⊆ λ′, if |H| ≥ µ′ then
⋂
α∈H Cα,β =
∅.
(ii) For every function g : κ → λ′ there exist finite sets F ⊆ κ and
G ⊆ λ such that [G] ⊆
⋃
β∈F Cg(β),β.
(c′) There is a family (Bα,β)α∈λ′,β∈κ of subsets of Sµ(λ) such that:
(i) For every β ∈ κ and every H ⊆ λ′, if |H| ≥ µ′ then
⋃
α∈H Bα,β =
Sµ(λ).
(ii) For every function g : κ → λ′ there exist finite sets F ⊆ κ and
G ⊆ λ such that [G] ∩
⋂
β∈F Bg(β),β = ∅.
If in addition κ ≥ sup{λ, λ′}, then the preceding conditions are also
equivalent to:
(d) S(λ, µ;λ′, µ′) has a multi-sorted expansion S+ with at most κ
new symbols such that whenever B ≡ S+ and B is (λ, µ)-regular, then
B is (λ′, µ′)-regular.
(e) S(λ, µ;λ′, µ′) has an expansion S+ with at most κ new symbols
such that whenever B ≡ S+ and B is (λ, µ)-regular, then B is (λ′, µ′)-
regular.
If in addition κ ≥ sup{λ, λ′}, and λ′ = µ′ is a regular cardinal, then
the preceding conditions are also equivalent to:
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(f) Every κ-(λ, µ)-compact logic is κ-(λ′, λ′)-compact.
(g) Every κ-(λ, µ)-compact logic generated by λ′ cardinality quanti-
fiers is (λ′, λ′)-compact.
Remark 1.4. The equivalence of conditions (a) and (e) above, for κ ≥
sup{λ, λ′}, has been announced in [L4].
For κ = λ = µ and λ′ = µ′ both regular cardinals, the equivalence
of Conditions (e), (f), (g) above has been announced in [L3, p. 80].
Lemma 1.5. Suppose that λ ≥ µ and λ′ ≥ µ′ are infinite cardinals,
and κ is any cardinal. Suppose that (fβ)β∈κ is a given set of functions
from Sµ(λ) to Sµ′(λ
′).
Then the following are equivalent.
(a) Whenever D is an ultrafilter over Sµ(λ) and D covers λ, then
there exists some β ∈ κ such that fβ(D) covers λ
′.
(b) For every function g : κ → λ′ there exist finite sets F ⊆ κ and
G ⊆ λ such that [G] ⊆
⋃
β∈F f
−1
β [{g(β)}].
Proof. We show that the negation of (a) is equivalent to the negation
of (b).
Indeed, (a) is false if and only if there exists an ultrafilter D over
Sµ(λ) which covers λ and such that, for every β ∈ κ, fβ(D) does not
cover λ′.
This means that D covers λ and, for every β ∈ κ, there exists some
g(β) ∈ λ′ such that [{g(β)}] = {s′ ∈ Sµ′(λ
′)|g(β) ∈ s′} 6∈ fβ(D), that
is, f−1β [{g(β)}] 6∈ D, that is, f
−1
β [{g(β)}] ∈ D, since D is required to
be an ultrafilter. Here, [{g(β)}] denotes the complement of [{g(β)}] in
Sµ′(λ
′).
Thus, there exists some ultrafilterD which makes (a) false if and only
if there exists some function g : κ→ λ′ such that the set {f−1β [{g(β)}]|β ∈
κ} ∪ {[{α}]|α ∈ λ} has the finite intersection property.
Equivalently, there exists some function g : κ → λ′ such that,
for every finite F ⊆ κ and every finite G ⊆ λ,
⋂
β∈F f
−1
β [{g(β)}] ∩⋂
α∈G[{α}] 6= ∅.
Since
⋂
α∈G[{α}] = [G], the negation of the above statement is: for
every function g : κ→ λ′ there exist finite sets F ⊆ κ and G ⊆ λ such
that [G] ∩
⋂
β∈F f
−1
β [{g(β)}] = ∅.
This is clearly equivalent to (b). 
Proof of Theorem 1.3. (a) ⇔ (b) is immediate from Lemma 1.5.
(b) ⇒ (c) For α ∈ λ′ and β ∈ κ, define Cα,β = f
−1
β [{α}].
(c) ⇒ (b) For β ∈ κ define fβ : Sµ(λ) → Sµ′(λ
′) by fβ(x) = {α ∈
λ′|x ∈ Cα,β}.
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(c) ⇔ (c′) is immediate by taking complements in Sµ(λ).
(e) ⇒ (d) is trivial.
(d) ⇒ (a). Let S+ be an expansion of S(λ, µ;λ′, µ′) witnessing (d).
Without loss of generality, we can assume that S+ has Skolem func-
tions (see [CK, Section 3.3]). Indeed, since κ ≥ sup{λ, λ′}, adding
Skolem functions to S+ involves adding at most κ new symbols.
Consider the set of all functions f : U → U ′ which are definable in
S
+. Enumerate them as (fβ)β∈κ. We are going to show that these
functions witness (a).
Indeed, let D be an ultrafilter over Sµ(λ) which covers λ. Consider
the D-class IdD of the identity function on U = Sµ(λ). Since D covers
λ, then in the model C =
∏
DS
+ we have that d({α}) ⊆ IdD for
every α ∈ λ, where d denotes the elementary embedding. Trivially,
C |= U(IdD). Let B be the Skolem hull of IdD in C. Since S
+ has
Skolem functions, B  C [CK, Proposition 3.3.2]; in particular, B ≡ C.
By  Losˇ Theorem, C ≡ S+. By transitivity, B ≡ S+.
Since IdD ∈ B, then B is (λ, µ)-regular, by what we have proved.
Since S+ witnesses (d), then B has an element x′D such that B |=
U ′(x′D) and B |= {α
′} ⊆ x′D for every α
′ ∈ λ′.
Since B is the Skolem hull of IdD in C, we have x
′
D = f(IdD), for
some function f : S → S definable in S+, where S is the base set of
S
+.
Since f is definable in S+, then also the following function f ′ : U →
U ′ is definable in S+:
f ′(u) =
{
f(u) if u ∈ U and f(u) ∈ U ′
∅ if u ∈ U and f(u) 6∈ U ′
Since B |= U ′(x′D), and B  C, then {u ∈ U = Sµ(λ)|x
′(u) ∈ U ′} ∈ D.
Since x′D = f(IdD), then {u ∈ U |x
′(u) = f(Id(u)) = f(u)} ∈ D.
Hence, {u ∈ U |f(u) ∈ U ′} ∈ D, {u ∈ U |f(u) = f ′(u)} ∈ D and
{u ∈ U |x′(u) = f ′(u)} ∈ D. Hence, x′D = f
′
D.
Since f ′ : U → U ′ and f ′ is definable in S+, then f ′ = fβ for some
β ∈ κ. We want to show that D′ = f ′(D) covers λ′.
Indeed, for α′ ∈ λ′, [{α′}] = {u′ ∈ Sµ′(λ
′)|α′ ∈ u′} ∈ f ′(D) if and
only if {u ∈ Sµ(λ)|α
′ ∈ f ′(u)} ∈ D, and this is true for every α′ ∈ λ′,
since B |= {α′} ⊆ x′D and x
′
D = f
′
D.
(a) ⇒ (e). Suppose we have functions (fβ)β∈κ as given by 1.3(a).
Expand S(λ, µ;λ′, µ′) to a model S+ by adding, for each β ∈ κ, a
new function symbol representing fβ (by abuse of notation, in what
follows we shall write fβ both for the function itself and for the symbol
that represents it).
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Suppose that B ≡ S+ and B is (λ, µ)-regular, that is, B has an
element x such that B |= U(x), and B |= {α} ⊆ x for every α ∈ λ.
For every formula φ(z) with just one variable z in the language of
S
+ let Eφ = {s ∈ Sµ(λ)|S
+ |= φ(s)}. Let F = {Eφ|B |= φ(x)}. Since
the intersection of any two members of F is still in F , and ∅ 6∈ F , then
F can be extended to an ultrafilter D on Sµ(λ).
For every α ∈ λ, consider the formula φ(z) ≡ {α} ⊆ z. We get
Eφ = {s ∈ Sµ(λ)|S
+ |= {α} ⊆ s} = [{α}]. On the other side, since
B |= {α} ⊆ x, then by the definition of F we have Eφ = [{α}] ∈ F ⊆
D. Thus, D covers λ.
By (a), fβ(D) covers λ
′, for some β ∈ κ. This means that [{α′}] =
{s′ ∈ Sµ′(λ
′)|{α′} ⊆ s′} ∈ fβ(D), for every α
′ ∈ λ′. That is, {s ∈
Sµ(λ)|{α
′} ⊆ fβ(s)} ∈ D for every α
′ ∈ λ′.
For every α′ ∈ λ′ consider the formula ψ(z) ≡ {α′} ⊆ fβ(z). By the
previous paragraph, Eψ ∈ D. Notice that E¬ψ is the complement of
Eψ in Sµ(λ). Since D is proper, and Eψ ∈ D, then E¬ψ 6∈ D. Since
D extends F , and either Eψ ∈ F or E¬ψ ∈ F , we necessarily have
Eψ ∈ F , that is, B |= ψ(x), that is, B |= {α
′} ⊆ fβ(x).
Moreover, since fβ : Sµ(λ)→ Sµ′(λ
′), B |= U(x) and B ≡ S+, then
B |= U ′(fβ(x)).
Thus, we have proved that B has an element y = fβ(x) such that
B |= U ′(y) and B |= {α′} ⊆ y for every α′ ∈ λ′. This means that B is
(λ′, µ′)-regular.
The equivalence of (f) and (g) with the other conditions shall be
proved elsewhere. 
2. A multicardinal generalization
Let us recall some generalizations of Definitions 1.1 and 1.2, gener-
alizations introduced in the statement of [L3, Theorem 0.20].
Definitions 2.1. Recall from Definition 1.1 that an ultrafilter D over
Sµ(λ) covers λ if and only if [{α}] ∈ D, for every α ∈ λ.
Suppose that κ is any cardinal, and λ, µ, (λβ)β∈κ, (µβ)β∈κ are infinite
cardinals such that λ ≥ µ, and λβ ≥ µβ for every β ∈ κ.
The relation (λ, µ)⇒
∨
β∈κ(λβ, µβ) holds if and only if there are κ
functions (fβ)β∈κ such that, for every β ∈ κ, fβ : Sµ(λ)→ Sµβ(λβ) and
such that whenever D is an ultrafilter over Sµ(λ) which covers λ, then
for some β ∈ κ it happens that fβ(D) covers λβ.
Notice that in the case when λβ = λ
′ and µβ = µ
′ for every β ∈ κ
then (λ, µ)⇒
∨
β∈κ(λβ, µβ) is the same as (λ, µ)
κ
⇒ (λ′, µ′).
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S(λ, µ;λβ, µβ)β∈κ denotes the model 〈Sµ′′(λ
′′),⊆, U, Uβ, {α}〉α∈λ′′,β∈κ,
where λ′′ = sup{λ, supβ∈κ λβ}, µ
′′ = sup{µ, supβ∈κ µβ}, U(x) if and
only if x ∈ Sλ(µ), and, for β ∈ κ, Uβ(y) if and only if y ∈ Sλβ(µβ).
If S+ is an expansion of S(λ, µ;λβ, µβ)β∈κ, and B ≡ S
+, then, for
β ∈ κ, we say that B is (λβ, µβ)-regular if and only if there is b ∈ B
such that B |= Uβ(b), and B |= {α} ⊆ b for every α ∈ λβ. The
definition of a (λ, µ)-regular extension is as in Definition 1.2
Theorem 2.2. Suppose that κ is any cardinal, and λ, µ, (λβ)β∈κ,
(µβ)β∈κ are infinite cardinals such that λ ≥ µ, and λβ ≥ µβ for every
β ∈ κ.
Then the following conditions are equivalent.
(a) (λ, µ)⇒
∨
β∈κ(λβ, µβ) holds.
(b) There are κ functions (fβ)β∈κ such that, for every β ∈ κ, fβ :
Sµ(λ) → Sµβ(λβ) and such that for every function g ∈
∏
β∈κ λβ there
exist finite sets F ⊆ κ and G ⊆ λ such that [G] ⊆
⋃
β∈F f
−1
β [{g(β)}].
(c) There is a family (Cα,β)α∈λβ ,β∈κ of subsets of Sµ(λ) such that:
(i) For every β ∈ κ and every H ⊆ λβ, if |H| ≥ µβ then
⋂
α∈H Cα,β =
∅.
(ii) For every function g ∈
∏
β∈κ λβ there exist finite sets F ⊆ κ and
G ⊆ λ such that [G] ⊆
⋃
β∈F Cg(β),β.
(c′) There is a family (Bα,β)α∈λβ ,β∈κ of subsets of Sµ(λ) such that:
(i) For every β ∈ κ and every H ⊆ λβ, if |H| ≥ µβ then
⋃
α∈H Bα,β =
Sµ(λ).
(ii) For every function g ∈
∏
β∈κ λβ there exist finite sets F ⊆ κ and
G ⊆ λ such that [G] ∩
⋂
β∈F Bg(β),β = ∅.
Suppose in addition that κ ≥ λ and κ ≥ λβ for all β ∈ κ, and that,
for every β0 ∈ κ, |{β ∈ κ|λβ = λβ0 and µβ = µβ0}| = κ. Then the
preceding conditions are also equivalent to:
(d) S(λ, µ;λβ, µβ)β∈κ has an expansion (equivalently, a multi-sorted
expansion) S+ with at most κ new symbols and such that whenever
B ≡ S+ and B is (λ, µ)-regular, then there is β ∈ κ such that B is
(λβ, µβ)-regular.
Suppose further that λβ = µβ is a regular cardinal for every β ∈ κ.
Then the preceding conditions are also equivalent to:
(e) Every κ-(λ, µ)-compact logic is κ-(λβ, λβ)-compact for some β ∈
κ.
(f) Every κ-(λ, µ)-compact logic generated by supβ∈κ λβ cardinality
quantifiers is (λβ, λβ)-compact for some β ∈ κ.
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Proof. There is no essential difference with the proof of Theorem 1.3.

Notice that Theorem 1.3. is the particular case of Theorem 2.2 when
λβ = λ
′ and µβ = µ
′ for every β ∈ κ.
3. The “almost” generalizations
Versions of Theorem 1.3 can be given for the “almost” variants of
(λ, µ)
κ
⇒ (λ′, µ′). In order to state the above remark precisely, we
need to introduce some variations on Definitions 1.1 and 1.2 (see [L3,
Definition 0.14]).
Definition 3.1. We say that an ultrafilter D over Sµ(λ) almost covers
λ if and only if |{α ∈ λ|[α] ∈ D}| = λ.
The relation alm(λ, µ)
κ
⇒ (λ′, µ′) holds if and only if there are κ func-
tions (fβ)β∈κ : Sµ(λ) → Sµ′(λ
′) such that whenever D is an ultrafilter
over Sµ(λ), and D almost covers λ, then for some β ∈ κ it happens
that fβ(D) covers λ
′.
The relations alm(λ, µ)
κ
⇒ alm(λ′, µ′) and (λ, µ)
κ
⇒ alm(λ′, µ′) are
defined similarly.
Notice that (λ, µ)
1
⇒ alm(λ, µ) trivially. Moreover, if ν is a regular
cardinal, then alm(ν, ν)
1
⇒ (ν, ν), as witnessed by f : Sν(ν) → Sν(ν)
defined by f(x) = sup x (cf. also [L3, Lemma 0.16(ii)]). Thus, in the
next results, if either ν = λ = µ, or ν ′ = λ′ = µ′, or both, regular
cardinals, then alm(ν, ν) and (ν, ν) can be used interchangeably. A
similar remark applies to almost (ν, ν)-regularity and (ν, ν)-regularity,
as defined below.
Recall the definition of the model S(λ, µ;λ′, µ′) from Definition 1.2.
If S+ is an expansion of S(λ, µ;λ′µ′), and B ≡ S+, we say that
B is almost (λ, µ)-regular if and only if there is b ∈ B such that
B |= U(b), and |{α ∈ λ|B |= {α} ⊆ b}| = λ. The notion of almost
(λ′, µ′)-regularity is defined similarly.
Theorem 3.2. Suppose that λ ≥ µ, λ′ ≥ µ′ are infinite cardinals, and
κ is any cardinal.
Then the following conditions are equivalent.
(a) (λ, µ)
κ
⇒ alm(λ′, µ′) holds.
(b) There are κ functions (fβ)β∈κ : Sµ(λ) → Sµ′(λ
′) such that for
every function g : κ → Sλ′(λ
′) there exist a finite set G ⊆ λ, a finite
set F ⊆ κ, and, for β ∈ F , finite sets Hβ ⊆ λ
′ \ g(β) such that
[G] ⊆
⋃
β∈F,β∗∈Hβ
f−1β [{g(β
∗)}].
(c) There is a family (Cα,β)α∈λ′,β∈κ of subsets of Sµ(λ) such that:
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(i) For every β ∈ κ and every H ⊆ λ′, if |H| ≥ µ′ then
⋂
α∈H Cα,β =
∅.
(ii) For every function g : κ→ Sλ′(λ
′) there exist a finite set G ⊆ λ,
a finite set F ⊆ κ, and, for β ∈ F , finite sets Hβ ⊆ λ
′ \ g(β) such that
[G] ⊆
⋃
β∈F,β∗∈Hβ
Cg(β∗),β.
(c′) There is a family (Bα,β)α∈λ′,β∈κ of subsets of Sµ(λ) such that:
(i) For every β ∈ κ and every H ⊆ λ′, if |H| ≥ µ′ then
⋃
α∈H Bα,β =
Sµ(λ).
(ii) For every function g : κ→ Sλ′(λ
′) there exist a finite set G ⊆ λ,
a finite set F ⊆ κ, and, for β ∈ F , finite sets Hβ ⊆ λ
′ \ g(β) such that
[G] ∩
⋂
β∈F,β∗∈Hβ
Bg(β∗),β = ∅.
If in addition κ ≥ sup{λ, λ′}, then the preceding conditions are also
equivalent to:
(d) S(λ, µ;λ′, µ′) has an expansion (equivalently, a multi-sorted ex-
pansion) S+ with at most κ new symbols such that whenever B ≡ S+
and B is (λ, µ)-regular, then B is almost (λ′, µ′)-regular.
Theorem 3.3. Suppose that λ ≥ µ, λ′ ≥ µ′ are infinite cardinals, and
κ is any cardinal.
Then the following conditions are equivalent.
(a) alm(λ, µ)
κ
⇒ (λ′, µ′) holds.
(b) There are κ functions (fβ)β∈κ : Sµ(λ) → Sµ′(λ
′) such that for
every T ⊆ λ with |T | = λ, and for every function g : κ→ λ′ there exist
finite sets F ⊆ κ and G ⊆ T such that [G] ⊆
⋃
β∈F f
−1
β [{g(β)}].
(c) There is a family (Cα,β)α∈λ′,β∈κ of subsets of Sµ(λ) such that:
(i) For every β ∈ κ and every H ⊆ λ′, if |H| ≥ µ′ then
⋂
α∈H Cα,β =
∅.
(ii) For every function g : κ→ λ′ and for every T ⊆ λ with |T | = λ
there exist finite sets F ⊆ κ and G ⊆ T such that [G] ⊆
⋃
β∈F Cg(β),β.
(c′) There is a family (Bα,β)α∈λ′,β∈κ of subsets of Sµ(λ) such that:
(i) For every β ∈ κ and every H ⊆ λ′, if |H| ≥ µ′ then
⋃
α∈H Bα,β =
Sµ(λ).
(ii) For every function g : κ→ λ′ and for every T ⊆ λ with |T | = λ
there exist finite sets F ⊆ κ and G ⊆ T such that [G]∩
⋂
β∈F Bg(β),β = ∅.
If in addition κ ≥ sup{λ, λ′}, then the preceding conditions are also
equivalent to:
(d) S(λ, µ;λ′, µ′) has an expansion (equivalently, a multi-sorted ex-
pansion) S+ with at most κ new symbols such that whenever B ≡ S+
and B is almost (λ, µ)-regular, then B is (λ′, µ′)-regular.
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If in addition κ ≥ sup{λ, λ′}, and λ′ = µ′ is a regular cardinal then
the preceding conditions are also equivalent to:
(f) Every almost κ-(λ, µ)-compact logic is κ-(λ′, λ′)-compact.
(g) Every almost κ-(λ, µ)-compact logic generated by λ′ cardinality
quantifiers is (λ′, λ′)-compact.
Theorem 3.4. Suppose that λ ≥ µ, λ′ ≥ µ′ are infinite cardinals, and
κ is any cardinal.
Then the following conditions are equivalent.
(a) alm(λ, µ)
κ
⇒ alm(λ′, µ′) holds.
(b) There are κ functions (fβ)β∈κ : Sµ(λ) → Sµ′(λ
′) such that for
every T ⊆ λ with |T | = λ and for every function g : κ→ Sλ′(λ
′) there
exist a finite set G ⊆ T , a finite set F ⊆ κ, and, for β ∈ F , finite sets
Hβ ⊆ λ
′ \ g(β) such that [G] ⊆
⋃
β∈F,β∗∈Hβ
f−1β [{g(β
∗)}].
(c) There is a family (Cα,β)α∈λ′,β∈κ of subsets of Sµ(λ) such that:
(i) For every β ∈ κ and every H ⊆ λ′, if |H| ≥ µ′ then
⋂
α∈H Cα,β =
∅.
(ii) For every T ⊆ λ with |T | = λ and for every function g : κ →
Sλ′(λ
′) there exist a finite set G ⊆ T , a finite set F ⊆ κ, and, for
β ∈ F , finite sets Hβ ⊆ λ
′ \ g(β) such that [G] ⊆
⋃
β∈F,β∗∈Hβ
Cg(β∗),β.
(c′) There is a family (Bα,β)α∈λ′,β∈κ of subsets of Sµ(λ) such that:
(i) For every β ∈ κ and every H ⊆ λ′, if |H| ≥ µ′ then
⋃
α∈H Bα,β =
Sµ(λ).
(ii) For every T ⊆ λ with |T | = λ and for every function g : κ →
Sλ′(λ
′) there exist a finite set G ⊆ T , a finite set F ⊆ κ, and, for β ∈ F ,
finite sets Hβ ⊆ λ
′ \ g(β) such that [G] ∩
⋂
β∈F,β∗∈Hβ
Bg(β∗),β = ∅.
If in addition κ ≥ sup{λ, λ′}, then the preceding conditions are also
equivalent to:
(d) S(λ, µ;λ′, µ′) has an expansion (equivalently, a multi-sorted ex-
pansion) S+ with at most κ new symbols such that whenever B ≡ S+
and B is almost (λ, µ)-regular, then B is almost (λ′, µ′)-regular.
Proofs. Similar to the proof of Theorem 1.3. 
Remark 3.5. There is a common generalization of Theorems 2.2 and
3.2. There is a simultaneous generalization of Theorems 3.3 and 3.4
along the lines of Theorem 2.2. We leave details to the reader.
In fact, we have a common generalization of all the results presented
in this note, including Remark 4.3 below. Details shall be presented
elsewhere.
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4. Two problems and a further generalization
Problem 4.1. It is proved in [L6, Theorem 2] that alm(λ+, µ+)
λ+
⇒
alm(λ, µ) holds.
Is it true that (λ+, µ+)
λ+
⇒ (λ, µ) holds?
This is true when λ = µ is a regular cardinal.
Problem 4.2. As proved in [FMS], it is consistent, modulo some large
cardinal assumption, that there is a uniform ultrafilter over ω1 which
is not (ω, ω1)-regular. This is equivalent to the failure of (ω1, ω1)
2ω1
⇒
(ω1, ω).
Is it possible to find a model for the failure of (ω1, ω1)
ω1⇒ (ω1, ω) by
using weaker consistency assumptions?
Which is the exact consistency strength of the failure of (ω1, ω1)
ω1⇒
(ω1, ω)?
More generally, for arbitrary λ, which is the exact consistency strength
of the failure of (λ+, λ+)
λ+
⇒ (λ+, λ)?
Remark 4.3. We can extend the definitions and the results of the
present note as follows. If λ and µ are ordinals, let Sµ(λ) denote the
set of all subsets of λ having order type < µ. See also [BK].
Definitions 1.1, 1.2, 2.1 and 3.1 can be easily generalized to the
case when λ and µ are ordinals. In the present situation, the most
appropriate definition of “almost covering” appears to be the following:
an ultrafilter D over Sµ(λ) almost covers λ if and only if order type of
{α ∈ λ|[α] ∈ D} = λ.
The definition of κ-(λ, µ)-compactness for logics, too, can be easily
generalized when λ and µ are ordinals, by always taking into account
order type, instead of cardinality.
Notice that, in all the definitions and the results here, κ is used just
as an index set; the cardinal structure on κ is not used at all. Hence,
allowing κ to be an ordinal is no gain in generality.
All the results of the present note, when appropriately formulated,
extend to the more general setting when λ, µ, λ′, µ′, λβ, µβ are ordinals.
Everywhere, cardinality assumptions must be replaced by assump-
tions about order type. For example, the condition |H| ≥ µ′ in Theo-
rem 1.3 (c), (c′) has to be replaced by “the order type of H is ≥ µ′”.
The condition κ ≥ sup{λ, λ′} before clause (d) in Theorem 1.3 can
be replaced by κ ≥ sup{|λ|, |λ′|}.
The same applies to the condition before clause (f), and we actually
need the requirement that λ′ = µ′ is a regular cardinal.
Similar remarks apply to Theorems 2.2 and 3.3.
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Theorems 3.2 and 3.4 hold, too, with slight further modifications.
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